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Laminar Pulsed Forced and Mixed Convection
in a Vertical Isothermal Tube
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Numerical � uid � ow and heat transfer results were obtained for a pulsed laminar � ow through a
vertical, isothermal-walled tube for Gr/Re = 0 (no buoyancy) and 30 (buoyancy) at a cyclic-averaged
Reynolds number of 5 102. The pulsations resulted in cyclic-averaged Nusselt numbers Nuav that were
greater than the steady, fully developed laminar Nusselt number, with Nuav increasing with increasing
frequency. The Nusselt number also increased with increasing amplitude a for Gr/Re = 0, but it remained
virtually constant beyond a = 0.1 for Gr/Re = 30. Although the Nuav values at Gr/Re = 30 were greater
than at Gr/Re = 0, they were offset by relatively large values of the cyclic-averaged dimensionless wall
shear stress av. For Gr/Re = 30, Nuav/ av was either the same or less than that for steady, fully developed
laminar � ow. Conversely, Nuav/ av increased by as much as 39% for Gr/Re = 0.

Nomenclature
a = pulsation amplitude
cv = speci� c heat at constant volume
f = frequency
Gr = Grashof number, g (T0 Tw) / 23r 0

h i = instantaneous heat transfer coef� cient,
[k ]/(Tw Tb)( T/ r)r=r0

k = thermal conductivity
Nuav = cyclic-averaged Nusselt number, ˆp1/ˆ ( Nu dˆ)p i0

Nu i = instantaneous Nusselt number, 2h ir0/k
P = dimensionless pressure, (p gz)/( )2u0 0

Pe = modi� ed Peclet number, Re(cv /k), 252.5
p = pressure
R = dimensionless radial coordinate, r/r0

Re = cyclic-averaged Reynolds number, 2r0u0/ , 5 102

r = radial coordinate
r0 = radius of tube
T = temperature
Tb = bulk temperature
Tw = tube-wall temperature
T0 = � uid entrance temperature
t = time
tp = forcing period, 1/ f
U = dimensionless axial velocity, u/u0

u = axial velocity
u0 = � uid entrance velocity, cyclic-averaged velocity
V = instantaneous dimensionless radial velocity, v /u0

v = radial velocity
Z = dimensionless axial coordinate, z /r0

z = axial coordinate
= dimensionless temperature, (T T0)/(Tw T0)
= dynamic viscosity
= kinematic viscosity, /
= mass density

ˆ = dimensionless time, t/(r0/u0)
av = cyclic-averaged dimensionless wall shear stress,

1/ )ˆpˆ ( dˆp wi0

ˆp = dimensionless period, tp/(r0/u0)
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wi = instantaneous dimensionless wall shear stress,
[ 2( u/ r) ]/ ur=r 0 00

Introduction

I N response to the heat transfer problems associated with
the operation of the internal combustion engine, Martinelli

et al.1 were the � rst to study the heat transfer in pulsed � ows.
Basically, they showed, as a � rst approximation, that steady
� ow data may be used to predict the heat transfer performance
in pulsating � ows.

Subsequently, in a series of studies, the effect of resonant
acoustic excitations on the heat transfer to air� ows through
tubes was investigated. Jackson et al.2 found excitations above
118 db to suppress natural convection; Lemlich and Hwu3

found that acoustic excitations produced increases of up to 51
and 27% in the laminar and turbulent regimes, respectively.
The improvement peaked sharply at resonance and increased
with the resonant frequency and amplitude. Purdy et al.4 and
Jackson and Purdy5 also found enhancements in heat transfer
with � ow pulsations.

Grassmann and Tuma6 pulsed a � ow using a bellows pump.
The pulsations produced mean Sherwood numbers that were
2.5 times those for steady � ows. A pulsating turbulent pipe
� ow was studied using a laser-Doppler velocimeter by
Kirmse7; Ramaprian and Tu8 sinusoidally pulsed an oil � ow
between a minimum Reynolds number of 1.278 103 and a
maximum Reynolds number of 2.872 103.

Creff et al.9 developed a numerical model to analyze the
simultaneous development of the hydrodynamic and thermal
regimes of a sinusoidally pulsed laminar � ow through a tube.
It was concluded from temperature and velocity pro� les that
far from the tube inlet, the pulsations would not result in in-
creased heat transfer.

Liao et al.10 investigated the heat transfer in a pulsating tur-
bulent � ow. It was found for the Reynolds number range of
3.4 103 to 2.7 104 that the heat transfer coef� cients with
pulsation were reduced and that the extent of the reduction
depended mainly on the amplitude. They classi� ed their data
and the data from other investigations into three regions: 1)
quasi-steady-state, 2) frequency independent, and 3) frequency
dependent. Increases in the heat transfer were concluded to be
possible only in the frequency-dependent region.

The numerical simulations of Siegal11 demonstrated for uni-
formly heated, laminar � ows with low Peclet numbers that
� ow pulsations lead to a reduction in the duct heat transfer
coef� cient. This was attributed to the fact that the � ow pul-
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Fig. 1 Flow con� guration.

sations provide for the axial transport of energy in the up-
stream direction, which in turn acts to preheat the � ow.

Dec and Keller12 experimentally studied the heat transfer
that arises in the tail pipe of a pulse combustor. They pointed
out that the high heat transfer rate in the tail pipe caused by
the pulsations is one of the advantages of pulse combustors.
It was found that the Nusselt number increased with both pul-
sation amplitude and frequency, with the maximum increase
being 2.5 times that for steady � ow at the same mean Reynolds
number.

All of the studies cited previously deal with pulsed forced
convection situations. The purpose of the present investigation
is to examine the effect of buoyancy on the heat transfer and
� ow behavior in a pulsed laminar air� ow through a vertical,
isothermal-walled tube. To this end, the Boussinesq-approxi-
mated parabolized equations are solved numerically for sinu-
soidal-like velocity pulsations superposed on a steady � ow.
Flow pulsations were accomplished by varying the � ow at the
inlet to the tube according to the absolute value of the sine
function. Only aided buoyancy, where the pulsating forced
� ow and the buoyancy-induced � ow are in the same direction,
is considered in this paper.

Instantaneous and cyclic-averaged Nusselt number and di-
mensionless wall shear stress results, as well as instantaneous
radial velocity and temperature pro� les, were obtained at a
cyclic-averaged Reynolds number of 5 102 for amplitudes
ranging from 10 to 80% of the uniform inlet velocity u0 at a
� xed frequency of 5 Hz and for frequencies ranging from 2
to 60 Hz at a � xed amplitude of 0.10u0. To assess the role of
buoyancy, results are obtained for � ows with (Gr/Re = 30) and
without (Gr/Re = 0) buoyancy. All of the results are presented
at the axial location (Z /Pe = 1.07), where steady, laminar � ow
is fully developed and the bulk � ow temperature is very close
(within 1%) to the wall temperature.13 Therefore, the steady
� ow results are independent of Gr/Re.

Calculations
The problem was simpli� ed by using the Boussinesq-ap-

proximated parabolized equations for an incompressible � ow
with negligible viscous dissipation. In dimensionless form, the
governing equations and their boundary conditions, written for
the � ow situation depicted in Fig. 1, are

U 1 (RV )
= 0 (1)

Z R R

U U U
U V

ˆ Z R

dP 2 1 U 4Gr
= R (2)2dZ Re R R R Re

2 1
U V = R (3)

ˆ z R Pe R R R

U(ˆ , R, 0) = U (ˆ), (ˆ, R, 0) = 0 (4)i

U
= 0, = 0 (5)

R Rˆ,0,Z ˆ,0,Z

U(ˆ, 1, Z ) = 0, ( , 1, Z ) = 1 (6)

where Eqs. (4), (5), and (6) are the boundary conditions at the
tube inlet, centerline, and wall, respectively, the dimensionless
quantities are de� ned in the Nomenclature, and

U (ˆ) = (1 a) ( /2)a sin[ f (r /u )ˆ] (7)i 0 0

When averaged over the forcing cycle (0 to ), the dimen-
sional form of Eq. (7) gives the time-averaged velocity u0 of

the unforced case. The Reynolds number based on u0 has been
selected to be 5 102 to match the unforced case of Zeldin
and Schmidt.13 It should be mentioned that Eq. (3) is the con-
stant-volume-speci� c-heat form of the energy equation used
by Zeldin and Schmidt.13 Note, Eq. (7) only takes the positive
portion of the sine function, and in this respect, the pulsations
are not truly sinusoidal and the period of each pulsation is
instead of 2 . The velocities are therefore always positive in
the streamwise direction with a constant part (=1 a) and a
positive time-varying part. In view of this, and the fact that
the Peclet number (RePr) is quite high (=252.5), parabolic � ow
assumptions are justi� ed. Further, at the low Reynolds number
of interest to this study, compressibility effects are assumed to
be small.

In Eqs. (2) and (3), the V velocities are computed using the
mass conservation equations [Eq. (1)]. The pressure gradient
appearing in Eq. (2) is obtained by requiring the overall mass
to be conserved at every forward step. This approach has been
widely used for two-dimensional developing parabolic (or
boundary-layer) � ows.

Numerical solutions of the nondimensional governing equa-
tions were obtained using the Patankar– Spalding � nite differ-
ence procedure.14 This scheme is a control-volume-based
marching technique, which begins at the tube entrance and
proceeds up to the desired axial location. A coordinate trans-
formation is used that maps the boundary-layer region into a
uniform computational domain. Thus, as the � ow develops,
grid points are always con� ned to the boundary-layer region
and are not wasted in the potential core portion of the � ow.
At each downstream step, the parabolic governing equations
are expressed in an integral form, with pro� le approximations
made in both coordinate directions. A tridiagonal system of
equations is obtained at each downstream location and is
solved using the Tri-Diagonal Matrix Algorithm (TDMA), de-
tails of which are given in Patankar and Spalding.14

Since the solution at each time step required a complete
solution at the preceding time step, a time-marching solution
process was employed. The process was initiated at = 0 withˆ
an initial velocity and temperature � eld (U = 1 and = 0,
respectively). Then, using the tube inlet conditions speci� ed in
Eq. (4) and marching downstream from the tube inlet to the
desired axial location (Z /Pe = 1.07), a set of solutions was
obtained over the desired length at the � rst time step. For the
next time step, the inlet � ow velocity Ui( ) was changed usingˆ
Eq. (7), and the marching procedure was repeated, yielding a
complete set of solutions at the second time step. This process
was continued until a complete set of solutions was obtained
at every time step in the excitation cycle.

Solutions for the subsequent cycles were obtained in a sim-
ilar manner, with the solution at the last time step of the pre-
vious cycle used as the initial solution for the current cycle.
The solution procedure was continued until a converged so-
lution was obtained. A solution was said to be converged when
the solutions for two consecutive cycles failed to produce ad-
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Fig. 4 Effect of amplitude on the cyclic-averaged Nusselt number
and dimensionless wall shear stress at 5 Hz.

Fig. 3 Comparison between the steady-state velocity pro� les of
the present study and those of Ref. 13.

Fig. 2 Comparison of instantaneous Nusselt numbers for two
grid sizes.

ditional changes (to � ve signi� cant � gures) in temperatures
and velocities at Z /Pe = 1.07 at four representative time steps
in the cycle.

Results and Discussion
The heat transfer results are presented at Z/Pe = 1.07 in

terms of the instantaneous Nusselt number, which is de� ned
as

T
Nu = 2r h /k, h = k T Ti 0 i i w b

r r=r0
(8)

r r0 0

T = rTu dr ru dub

0 0

and the cyclic-averaged Nusselt number

ˆp
1

Nu = Nu dˆ (9)av i
ˆp 0

Also, of interest at Z /Pe = 1.07, was the instantaneous di-
mensionless wall shear stress

u 2= u (10)wi 0r r=r0

and the associated cyclic-averaged dimensionless wall shear
stress

ˆp
1

= dˆ (11)av wi
ˆp 0

Results are presented for Gr/Re = 0 and Gr/Re = 30. The
choice of Gr/Re as the buoyancy parameter needs further ex-
planation. When the equations are expressed in primitive var-
iables and nondimensionalized as done in this paper, Gr/Re 2

emerges as the nondimensional parameter. When the equations
are cast in a stream function and vorticity formulation, as Zel-
din and Schmidt13 did, Gr/Re appears as the parameter. There
is some disagreement in the literature between the choice of
Gr/Re and Gr/Re 2. Since, in this paper, results are compared
with those of Zeldin and Schmidt’s,13 their choice of Gr/Re is
retained here as the appropriate parameter.

Grid and Time-Step Independence and Solution Validation

Figure 2 demonstrates that the instantaneous Nusselt number
computed on a 100 (cross stream) by 200 (axial) grid with a
dimensionless time step of = 1.0 agrees quite well with thatˆ
computed on a 150 by 280 grid with = 0.7. Therefore, theˆ
solutions presented in this study were obtained on a 100 by
200 grid with = 1.0.ˆ

To test the validity of the simpli� ed governing equations and
the solution process, the steady-state form of Eqs. (2) and (3)
were solved for the steady version of the boundary conditions

of Eqs. (4– 6) with U(R, 0) = 1. The steady solution also pro-
vided an unexcited baseline, to which the excited cases were
compared.

The steady-state velocity pro� les are compared to the pro-
� les of Zeldin and Schmidt13 at three different axial locations
in Fig. 3. Zeldin and Schmidt’s13 pro� les were obtained by
solving the elliptic form of the governing equations. At Z /Pe
= 0.011 and 0.060, the results are for Re = 5 102, Pe =
252.5, and Gr/Re = 30; whereas at Z /Pe = 1.07, Re = 3.798

103, Pe = 191.8, and Gr/Re = 33.25. The velocity measure-
ments of Zeldin and Schmidt13 are also included for Z /Pe =
1.07. It is seen that there is excellent agreement between the
results of this study and those of Ref. 13. In addition, the
steady-state local Nusselt numbers calculated in this study are
virtually identical to those calculated by Zeldin and Schmidt13

at all three axial locations.

Amplitude Effect

Figure 4 examines the effect of the pulsing amplitude a on
the cyclic-averaged Nusselt number and cyclic-averaged di-
mensionless wall shear stress. Converged solutions could only
be obtained for amplitudes up to 0.8 and 0.4 for Gr/Re = 0
and 30, respectively.
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Fig. 6 Velocity and temperature pro� les at the maximum Nusselt
number, wall shear stress, and Reynolds number instants (Gr/Re
= 30, a = 0.4).

Fig. 5 Effect of amplitude on the cyclic variation of the instan-
taneous Reynolds number and of the instantaneous Nusselt num-
ber and wall shear stress at 5 Hz, Gr/Re = 30.

Figure 4 shows that for both Gr/Re values, the initiation of
the excitations results in increased average Nusselt numbers,
with the initial increase being more pronounced for Gr/Re =
30. Over the range of amplitudes considered, the average Nus-
selt number remains nearly constant beyond a = 0.1 for Gr/Re
= 30; whereas for Gr/Re = 0, the average Nusselt number
increases with increasing amplitude. The average dimension-
less wall shear stress for Gr/Re = 0 is seen to remain nearly
constant over the amplitude range; whereas for Gr/Re = 30,
after a substantial initial increase, the average wall shear de-
cays over the amplitude range.

To explain the previously mentioned behavior, it should be
noted that in all cases the cycle-averaged Reynolds number is
the same. Therefore, when a is larger, the cyclic variations in
velocity (or Re) will be greater, with some portions of the cycle
associated with lower instantaneous velocities, and therefore
lower instantaneous wall shear and heat transfer (see Fig. 5),
and other portions associated with greater velocity and larger
wall shear and heat transfer rates. The cycle-averaged value
shown in Fig. 4 represents the cumulative effect of the instan-
taneous variations in a cycle. For Gr/Re = 30, until a = 0.1,
the cumulative effect of the increases in wall shear and heat
transfer are larger, and an increase in the cycle-averaged value
of these quantities are observed. Beyond this value of a, for
the heat transfer the increases in one portion of the cycle are
balanced by decreases in the other portions of the cycle, and
the Nusselt number is relatively insensitive to a. However, for
the wall shear, there is a decrease beyond a = 0.1, indicating
that the instantaneous reductions in the wall shear are more
signi� cant than the instantaneous enhancements in the shear
during one cycle.

It is also important to examine the effect of the excitations
on Nuav / av. At a = 0.4, the excitations result in a 13% increase
in Nuav/ av for Gr/Re = 0 and a 25% decrease in Nuav/ av for

Gr/Re = 30 compared to that for steady, fully developed, lam-
inar � ow (a = 0). The maximum increase of 39% occurs for
Gr/Re = 0 at a = 0.8.

Cyclic variations of the instantaneous Reynolds number Rei,
Nusselt number Nui, and dimensionless wall shear stress wi

are displayed in Fig. 5 at different amplitudes for Gr/Re = 30
and f = 5 Hz. As expected, the instantaneous Nusselt number
and wall shear stress exhibit the same general trends, with the
cyclic variation in both increasing with increases in the cyclic
variation of Rei, as dictated by increases in the forcing ampli-
tude. Figure 5 also shows that both the Nui and wi distributions
are distorted from the sinusoidal Rei distribution, with the peak
Nui and wi values occurring before the peak Rei value.

It is seen that Nui attains its peak value more quickly than
wi and decays more slowly. The peak Nui time at a = 0.1 is

observed to be closer to the peak Rei time than at a = 0.4.
Conversely, the peak wi time at a = 0.4 is closer to the peak
Rei time than at a = 0.1. Moreover, the difference between the
peak Nui and wi times increases considerably between a = 0.1
and 0.3, but it remains virtually the same between a = 0.3 and
0.4.

With the intent of rationalizing why the peak Rei, Nui, and
wi values occur at different times, Fig. 6 presents the instan-

taneous radial velocity and temperature pro� les for a = 0.4
and f = 5 Hz at the maximum Nui, wi, and Rei instants: =ˆ /ˆp

0.17, 0.31, and 0.50, respectively. The velocity pro� les show
that as Rei increases between = 0.17 and 0.31, the velocityˆ/ˆp

increases, causing a decrease in the momentum boundary-layer
thickness and a corresponding increase in wi. Meanwhile, the
temperature pro� les show that the � ow experiences a slight
temperature increase, resulting in an increase in the thermal
boundary-layer thickness and thus a decrease in Nui.

Between = 0.31 and 0.50, the temperature pro� les dem-ˆ/ˆp

onstrate that the thermal boundary layer continues to grow,
thus explaining the continued decay in Nui. The velocity pro-
� les show that the velocities away from the wall continue to
increase in response to the increase in Rei. However, as evi-
denced by the crossing of the = 0.31 and 0.50 velocityˆ/ˆp
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Fig. 7 Comparison of the velocity pro� les for the pulsed � ow
cases (a = 0.1, f = 5 Hz, Gr/Re = 0 and 30) to that for steady, fully
developed laminar � ow: a) maximum and b) minimum Nusselt
number instant.

Fig. 9 Effect of frequency on the cyclic variation of the Nusselt
number and dimensionless wall shear stress at a = 0.1, Gr/Re =
30.

Fig. 8 Effect of frequency on the cyclic-averaged Nusselt number
and dimensionless wall shear stress, a = 0.1.

pro� les closer to the wall, the momentum boundary layer ac-
tually grows thicker, causing a decrease in wi.

Velocity pro� les for unpulsed � ow (steady, fully developed
laminar � ow) and for pulsed � ow at Gr/Re = 0 and 30 for a
= 0.1 and f = 5 Hz at their maximum and minimum Nusselt
number instants are compared in Fig. 7. An overview of the
� gure reveals a hump in the Gr/Re = 30 pro� le at both the
minimum and maximum Nusselt number instants. This hump
is caused by the buoyancy effect and is responsible for the
large near-wall velocity gradients in the � gure. These large
gradients are responsible for the fact that Nui in Fig. 5 exceeds
the steady, fully developed, laminar � ow Nusselt number of
3.657.

For Gr/Re = 0, the near-wall velocity gradient for the max-
imum Nusselt number exceeds that for steady, fully developed
laminar � ow; whereas the velocity gradient for the minimum
Nusselt number lies below that for steady, fully developed lam-
inar � ow. The instantaneous Nusselt results for Gr/Re = 0 (not
presented) demonstrated that the maximum Nusselt number
exceeded the fully developed value; whereas the minimum
Nusselt number was less than the fully developed value.

The velocity pro� les displayed in Fig. 7 show why the pul-
sations for Gr/Re = 30 resulted in a decrease in Nuav/ av com-
pared to the steady, fully developed laminar situation, while
the excitations for Gr/Re = 0 resulted in increases as large as
39% in Nuav/ av.

Frequency Effect

Figure 8 displays the effect of the excitation frequency on
the cyclic-averaged Nusselt number and dimensionless wall
shear stress at a = 0.1 for both Gr/Re = 0 and 30. The � gure
shows that for both Gr/Re values the Nusselt number and di-
mensionless wall shear stress increase with frequency. Regard-
ing Nuav/ av, at 40 Hz, Nuav/ av increases by 23% for Gr/Re =
0 and decreases by 5% for Gr/Re = 30, compared to that for
steady, fully developed laminar � ow ( f = 0); whereas at 60
Hz and Gr/Re = 30, Nuav/ av increases by 5%. The poor per-

formance at Gr/Re = 30 was related to the fact that the buoy-
ancy effect maintains large near-wall velocity gradients.

Figure 9 displays the effect of frequency on the cyclic var-
iation of the instantaneous Nusselt numbers and dimensionless
wall shear stresses at a = 0.1 for Gr/Re = 30. As observed in
Fig. 5, for the amplitude effect, the Nui and wi distributions
are distorted from the sinusoidal Rei distribution, with Nui and

wi reaching their peak values before Rei. However, both the
peak Nui and wi locations migrate toward the peak Rei location
with increasing frequency. The � gure also shows that the peak
Nui value occurs before the peak wi value.

Velocity pro� les for 5 and 40 Hz at their respective maxi-
mum Nusselt number instants are displayed in Fig. 10 for a =
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Fig. 10 Velocity pro� les at the maximum Nusselt number instant
for different frequencies, a = 0.1, Gr/Re = 30.

0.1. The buoyancy-induced hump is clearly present at 5 Hz.
On the other hand, the absence of the hump at 40 Hz suggests
that the role of the buoyancy force at 40 Hz is less than at 5
Hz and that the development of the � ow is strongly in� uenced
by the � ow pulsation. At 5 Hz, the near-wall acceleration of
the � uid caused by buoyancy strongly manifests itself and
leads to the central concavity in the velocity pro� le. At 40 Hz
the near-wall acceleration is adversely affected and the pro� le
is � atter.

Conclusions
It is concluded from the preceding presentation of numerical

results that superposing sinusoidal-like velocity pulsations on
a laminar steady � ow (with and without buoyancy) in an iso-
thermal-walled vertical tube results in cyclic-averaged Nusselt
numbers Nuav that are greater than the steady, fully developed
laminar-� ow value. As expected, Nuav was larger in the pres-
ence of buoyancy (Gr/Re = 30) for a common frequency and
amplitude than in the absence of buoyancy (Gr/Re = 0). At a
low amplitude (a = 0.1), Nuav increased with increasing fre-
quency for both Gr/Re = 0 and 30. At the lowest frequency
considered (5 Hz), Nuav increased with amplitude for Gr/Re =
0, but after a rather large increase in Nuav between a = 0 and
0.1, Nuav was rather insensitive to further increases in the am-
plitude for Gr/Re = 30 over the amplitude range studied.

Although the effect of buoyancy resulted in higher Nuav val-
ues, they were more than compensated for by accompanying
increases in av. From the standpoint of enhancement, where

frictional effects are included, pulsing a � ow with buoyancy
typically leads to either negligible increases or even decreases
in Nuav/ av compared to that for steady, fully developed laminar
� ow, with the maximum degradation being 34% for a = 0.1
and f = 5 Hz. Conversely, pulsing a � ow without buoyancy
resulted in increases as high as 39% over the steady, fully
developed laminar value for a = 0.8 and f = 5 Hz.
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